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We investigate the high-energy properties of matter theories coupled to quantum gravity. Specif- 
ically, we show that quantum gravity fluctuations generically induce matter self-interactions in a 
scalar theory. Our calculations apply within asymptotically safe quantum gravity, where our results 
indicate that the UV is dominated by an interacting fixed point, with non-vanishing gravitational as 
well as matter couplings. In particular, momentum-dependent scalar self-interactions are non-zero 
and induce a non-vanishing momentum-independent scalar potential. 

Furthermore we point out that terms of this type can have observable consequences in the context 
of scalar-field driven inflation, where they can induce potentially observable non-Gaufiianities in the 
CMB. 



I. INTRODUCTION 



In quantum gravity research, much work focuses on 
pure gravity, not taking into account dynamical matter 
degrees of freedom. However it is a priori unclear that 
a consistent quantum theory of gravity can straightfor- 
wardly be coupled to matter without changing some 
of its main properties. In other words, a consistent 
quantisation of gravity might require the inclusion of 
matter degrees of freedom from the start. It is thus 
mandatory to study the complete system of gravitational 
and matter degrees of freedom in a quantum theory. 
Then dynamical quantum gravity effects might alter 
some properties of the matter sector. Most importantly, 
quantum gravity fluctuations will typically generate 
new operators for the matter fields in the effective 
action. This effect occurs even if the matter theory 
that is coupled to gravity is just a free theory. It is the 
main goal of this paper to point out that to preserve 
asymptotic freedom in a matter theory that is coupled to 
quantum gravity is highly non-trivial. We will show that 
quantum gravity fluctuations will induce non-vanishing 
matter couplings, and thus not allow the matter theory 
to remain asymptotically free under its coupling to 
gravity. We will exemplify this by considering a simple 
theory of a free scalar field coupled to gravity, where 
we point out that the so-called Gaufiian matter fixed 
point of asymptotically safe quantum gravity does not 
exist, instead all existing fixed points have non- vanishing 
matter self-interactions. Extensions of this work to the 
case of non-abelian gauge fields are discussed in the 
outlook. 

We investigate this question in a framework, in 
which quantum gravitational degrees of freedom are 
carried by the metric. Irrespective of the UV completion 
for gravity, such a description in terms of the metric 
holds within the effective-field theory framework [TJ [5] . 
It thus holds at scales, presumably below the Planck 
scale, where the microscopic degrees of freedom of 
gravity can be integrated out and traded for effective 
degrees of freedom carried by the metric. Thereby many 



UV completions for gravity can be analysed within one 
single framework, and observable consequences, e.g. for 
the CMB, can be studied. 

Among the candidates for a quantum theory of gravity 
there is even one where the parameterisation of quantum 
gravitational degrees of freedom in terms of the metric 
in a continuum quantum field theory holds up to arbi- 
trarily high momentum scales, namely asymptotic safety 
[3J. It allows to construct a predictive, continuum quan- 
tum field theory of the metric within the path-integral 
framework. The UV finiteness of observable quantities 
follows from the existence of an interacting fixed point 
in the running couplings, i.e. a zero in their f3 functions. 
In the vicinity of the fixed point, the theory becomes 
scale-free, thus allowing for a UV limit without any di- 
vergences, in which all dimensionless couplings approach 
their fixed-point values. A fully non-perturbative formu- 
lation of the functional Renormalisation Group (FRG) 
[I], for reviews see [SHHj, has allowed to collect a sub- 
stantial amount of evidence for the existence of the fixed 
point [T0rt26] , and its compatibility with Standard Model 
matter [271133] , even allowing for a possibility to solve the 
triviality problem in QED and the Higgs sector [33J 1351 - 
137] . for reviews see [3BU12] . For further indications for 
the existence of the fixed point, see also [43H48] . 

Such a scenario faces the following challenge: If the 
fixed point exists, the theory can only be predictive, 
if the fixed point has a finite number of UV-attractive 
directions (in the case of the non-interacting, Gaufiian 
fixed point, these arc exactly given by the couplings with 
positive or vanishing canonical dimension). Since the 
fixed point is interacting, the determination of these rele- 
vant directions 1 is technically challenging. Studies within 
truncated RG flows without matter degrees of freedom 



The relevant directions are determined from the critical expo- 
nents 6{, which denote the negative eigenvalues of the stability 
matrix 

I- 

In the vicinity of a fixed point, the solution to the linearised flow 
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indicate that asymptotically safe quantum gravity has at 
least 3 relevant couplings, and therefore more than 3 free 
parameters P I 120 1 |2"2 ] 123] . 

Including matter into the theory, there are three dis- 
tinct scenarios with regard to predictivity: Either, matter 
comes with the relevant couplings it already has in the 
Standard Model, i.e. without coupling it to gravity. A 
more exciting possibility is, that gravity might actually 
turn some or all of these couplings into irrelevant, and 
thus predictable couplings. Indications for a possible re- 
alisation of this scenario in QED are discovered in [33J . 
Here we point out that gravity might actually induce 
further matter interactions which correspond to relevant 
couplings. Thus a viable quantum theory of dynamical 
gravitational and matter degrees of freedom might actu- 
ally have more relevant couplings, then the sum of rele- 
vant couplings in both matter and gravity theories taken 
separately. We will discuss how this scenario might be 
realised within a truncation of the full matter and grav- 
ity effective action. 

Further, the fact that residual interactions exist at the 
fixed point will of course be crucial for physical predic- 
tions obtained from this scenario. In particular, the ques- 
tion if matter couplings have residual interactions in the 
far UV can open a window into the realm of quantum 
gravity phenomenology. In fact, predictions for high- 
energy scattering experiments can be obtained from the 
effective action, see, e.g. and crucially depend on 

the type of operators that are present in the action. Here, 
we use this framework to address the question how differ- 
ent quantum gravity proposals could be distinguished by 
the amount of non-Gaufiianity that they induce in the 
CMB, assuming an inflationary scenario with a single 
scalar field satisfying slow-roll conditions. 

In the following we will examine the structure of the 
fixed point, i.e. its number of relevant directions, and 
its non-vanishing couplings, in the context of a scalar 
matter theory. We will show that a non-vanishing value 
for the Newton coupling induces non-vanishing matter 
sclf-intcractions. This conclusion holds in particular at 
the fixed point in the context of the asymptotic-safety 
scenario, but it is also valid within an effective field- 
theory framework for quantum gravity. In the context 
of a scalar theory, asymptotic freedom is usually not 



equation is given by 

gdk) = gi * + J2c n vr^ B \ (2) 

with constants of integration C n and V n the nth eigenvector of 
the stability matrix, ko denotes a reference scale. (This reflects 
the fact that the RG flow cannot predict a numerical value for 
a physical scale. Thus scales such as the transition scale to the 
fixed-point regime have to be fixed from observations.) Thus 
9i > implies that towards the IR, the coupling flows away from 
its fixed-point value, and its IR value corresponds to a free pa- 
rameter of the theory, that has to be determined by experiment. 



expected to hold in any case; but in a broader context, 
our calculation exemplifies a general mechanism, that 
presumably also applies in the case of asymptotically 
free Yang-Mills theories. 

Before we present the details of the calculation, let 
us explain the basic idea underlying it: The reason why 
a free matter theory does not remain such when coupled 
to gravity is simple to understand: Consider any free 
matter theory which is coupled to gravity minimally. 
Then the integration measure contains a factor ^/g 2 . 
An expansion of ^fg around any background metric 
produces an arbitrary number of vertices. Thus the 
matter theory is not a free theory any more, instead 
it contains interaction vertices with the gravitational 
field of arbitrarily high power. It is then straightforward 
to construct loop diagrams which contain metric loops 
only, and an arbitrary number of external matter legs. 
These loop diagrams generate further effective matter- 
gravity interactions, and most importantly, matter 
self- interactions. 

The situation can be compared to QED, where no 
photon self-interactions are present at the classical, 
microscopic level, but fermionic loops induce photon- 
photon-interactions already in the one-loop effective 
action. 

As an example, consider a simple scalar theory de- 
scribed by the following effective action 

T k = ~Zi(k) J d^^gg^d^d^ (3) 

with a momentum-scale dependent wave-function renor- 
malisation Z$(k). The momentum scale k indicates an 
infrared cutoff, such that all fluctuations in the path in- 
tegral with momenta p 2 > k 2 have been integrated out. 
Here we have made use of the fact that the covariant 
derivative simplifies when acting on a scalar field. 

Four-scalar interactions are then generated by the fol- 
lowing loop diagrams: 




o 



FIG. 1: The scalar-gravity-interaction vertices that are gen- 
erated by the kinetic term for the scalar field allow to con- 
struct these two one-loop diagrams that generate scalar self- 
interactions. 



2 Note that we work in a Euclidean setting here, however our ar- 
guments carry over to a Lorentzian setting. Explicit RG calcula- 
tions indicate that results regarding asymptotically safe quantum 
gravity hold also in the Lorentzian case 1251 . 
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Similar diagrams induce higher </> 2n interactions. It fol- 
lows from dimensional analysis that such diagrams will 
generate momentum-dependent scalar self-interactions: 
Depending on the convention one chooses where to have 
the scale-dependent Newton coupling Gjv(fe) appear, ei- 
ther the graviton propagator will be ~ Gn, or each vertex 
will be ~ Gjv for the two-vertex diagram, and ~ \Gn 
for the four-vertex diagram. Thus the contribution will 
always generate a term ~ G 2 Nl so four powers of mo- 
menta are necessary to compensate the dimensionality 
of the Newton coupling. Thereby the first term that 
is induced in the effective action will be quartic in the 
scalar field and in the momentum. The associated cou- 
pling will later be called p. Thus gravity fluctuations 
do not directly induce a running in the scalar potential, 
as has been observed in [531 [M]- However, as we will 
point out, there is an indirect effect: The metric- induced 
momentum-dependent scalar self interactions contribute 
to the running of the scalar potential, and induce a non- 
vanishing A^t/) 4 term. 

The crucial point about the diagrams in fig. [T] is, that 
they yield contributions ~ where m is the number 
of metric propagators, and are independent of the cou- 
pling that they generate. In the example above, we thus 
get the following contribution to the (3 function of the 
dimensionful scalar coupling p (see eq. Q): 

= G 2 N f{\) + (4) 

where /(A) is a function fo the cosmological constant and 
further terms are ~ p, ~ p 2 and proportional to further 
matter couplings. The main point is, that, even if wc 
set all matter couplings to zero, i.e. we start with a 
free theory, then metric fluctuations generate interaction 
terms for the matter, see also fig. [2] 

Most importantly, metric fluctuations can add terms 
to the matter j3 functions which lead to a vanishing of 
all fixed points. If such a finding where to be confirmed 
in untruncated theory space, the asymptotic-safety sce- 
nario would not be compatible with the existence of this 
particular type of matter. Within a truncation, such a 
definite conclusion can obviously not be drawn. 



II. SET-UP OF THE CALCULATION 

To evaluate the j3 functions of the running couplings 
we require a tool that is applicable in the perturbative 
as well as the non-perturbative regime. We also aim 
for an analytic continuum calculation. We employ the 
functional Renormalisation Group, where the Wetterich 
equation [4] allows to evaluate j3 functions even in the 
non-perturbative regime. Introducing an infrared (IR) 
mass-like regulator function Rk(p) suppresses IR modes 
(with p 2 < k 2 ) in the generating functional. The scale- 
dependent effective action then contains the effect of 
quantum fluctuations above the scale k only. Its scale- 
dependence is given by the following functional differen- 



Hp 




FIG. 2: Here we exemplify a matter j3 function for the cou- 
pling p: Without coupling to gravity (blue line), this /3 func- 
tion will admit a Gaufiian fixed point, as well as possibly a 
non-Gaufiian one. Including gravity fluctuations, a term ~ G 
will be added to the /3 function, thus shifting the Gaufiian to 
an interacting, non-Gaufiian fixed point (red dashed line). A 
second non-Gaufiian fixed point may or may not exist. 



tial equation: 

d t T k = ^STr (if) + d t R k . (5) 

Herein dt = kdk and rjj. is matrix-valued in field space 
and denotes the second functional derivative of the effec- 
tive action with respect to the fields. Adding the mass- 
like regulator and taking the inverse yields the full prop- 
agator. The supertrace contains a trace over all indices; 
in the case of a continuous momentum variable it thus 
implies an integration over the momentum. On the tech- 
nical side, the main advantage of this equation is its one- 
loop form, since it can be written as the supertrace over 
the full propagator, with the regulator insertion dtRk in 
the loop. Nevertheless it is crucial to stress that it also 
yields higher terms in a perturbative expansion, since 
it depends on the full, field- and momentum-dependent 
propagator, and not just on the perturbative propagator, 
see, e.g. [55] . 

For the gravitational part we work in the background 
field formalism [55], where the full metric is split accord- 
ing to 

g^u = g^u + V" ( 6 ) 

where this split does not imply that we consider only 
small fluctuations around, e.g. a flat background. Within 
the FRG approach we have access to physics also in the 
fully non-perturbative regime. The background-field for- 
malism, being highly useful in non-abelian gauge the- 
ories (see, e.g. pj [5]), is mandatory in gravity, since 
the background metric allows for a meaningful notion of 
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" high-momentum" and "low-momentum" modes as im- 
plied by the spectrum of the background covariant Lapla- 
cian. Within Yang-Mills theories the j3 functions are 
independent of the choice of background, as long as it 
serves to distinguish the different operators in the trun- 
cation. Within gravity, an exception exists, as the topol- 
ogy of the background can alter the spectrum of fluc- 
tuations in the infrared. Thus only the UV behaviour 
of the running couplings is independent of the choice of 
background, whereas topologically distinct backgrounds 
can lead to a different IR behaviour [57] . As we are only 
interested in the j3 functions as they pertain to the UV, 
we can choose different backgrounds for the gravitational 
and the matter (3 functions. 

In the context of an interacting theory, the Wetterich 
equation is usually applied to a truncated theory space. 
We thus do not keep all infinitely many terms that are 
part of the full effective action, but concentrate on a (typ- 
ically) finite subset. In our case, where we are interested 
in demonstrating that from a free matter theory coupled 
to gravity matter self-interactions will be generated, we 
choose a truncation of the following form: 

T k = r feEH + r fcgf + l -Z^{k) J (Pxyfgg^d^dvcj) 

+ p a (k) f d^x^g^g^d^d^d^d^ 



+ p b (k) J cfxy/gcfWV^&ig^VM) 
+ p c (k) J d A x^g{g^d^d v <j>){<j>g KX V K d^) 
+ A (fc) / d 4 x^^\ (7) 



where V M denotes the usual covariant derivative. It is 
important to note that we have included all independent 
operators of fourth order in derivatives and fields. All 
other operators of the same order can be rewritten as a 
linear combination of the above ones, and possibly addi- 
tional terms that depend on the curvature. 

In order to demonstrate that metric fluctuations also 
remove the Gaufiian fixed point in the scalar potential, 
we include the A^ coupling, which is to be distinguished 
from the cosmological constant A by its subscript. 

The Einstein-Hilbert and the gauge-fixing term read: 

r feE H = 2R 2 Z N (k) J d 4 xJg(-R + 2\(k)), (8) 
Z N (k) 



fcgf 



2o 



/ d A x^g^F fl [g,h}F v [g,h], (9) 



with 



F„[g, h] = V2R i&h^ - ±±£&D M h\) . (10) 



Herein, n — (327tGn) 2 is related to the bare New- 
ton constant Gn and A is the cosmological constant. 



The gauge-fixing term is supplemented by an appropri- 
ate ghost term. As within this truncation ghosts do not 
couple to the scalar field 3 , we can neglect the ghost term 
in the calculation of the scalar j3 functions. We work 
in Landau deWitt gauge p g h — > a, a — > here. In the 
following, we employ a decomposition of the metric fluc- 
tuations into irreducible components under the Poincare 
group. In our choice of gauge, only the transverse trace- 
less mode h T T (with I>/i£J = and g^hfj = 0) and 
the trace mode h = g^h^ can contribute to the running 
in the matter sector. 

To evaluate matter (3 functions, it is useful to proceed 

(2) 

as follows: Splitting T y k ' + Rk = Vk + J^k, where all 
scalar-field dependent terms enter the fluctuation matrix 
J-fc, we may now expand the right-hand side of the flow 
equation as follows: 



d t r k = ^STr{[ri 2) +R k }- 1 (d t Rk)} 



(11) 



lsTrd t lnVk . 
2 2 



IE 

n=l 



(-iy 



where the derivative dt in the second line by defini- 
tion acts only on the k dependence of the regulator, 
d t = J d t Rkj^, see appendix |c| Since each factor of 
J-fc contains a coupling to external fields, this expan- 
sion simply corresponds to an expansion in the number 
of vertices. Thus we can straightforwardly write down 
the diagrammatic expansion of a /3 function, see fig. [3] 
Herein, the internal propagator lines contain the mass- 
like regulator-function, and in the case of the graviton, 
also depend on the cosmological constant. In order to 
project onto the anomalous dimension rj^ = —d t In Z^k), 
we can terminate the expansion at second order in the 
vertices, since all further terms in the expansion must 
have more than two external scalar fields. Similarly, the 
evaluation of the dtf>i(k) for i — a,b,c and dt\j> requires 

terms up to (T 5-1 ^) 4 , see fig.jsj 

Clearly a flat background, g^ v — <5^„ is fully sufficient 
to project onto the matter /? functions, and thus prefer- 
able for reasons of technical simplicity. 

By using a regulator of the form 



R k = r 



(2) 




(12) 



it is then straightforward to find which type of contribu- 
tion to the j3 function a particular diagram corresponds 
to: Each graviton propagator comes with a factor of 
Gjv(/c). Thus, e.g. the two-vertex contribution 2B, see 



3 Note however that in general the existence of such coupling 
should be expected, as it is induced by diagrams similar to those 
in fig. [l] 



5 




FIG. 3: Here we show the diagrammatric expansion of the 
Wetterich equation, projected onto the <p 2 and (f> 4 subspace of 
theory space, respectively. Diagrams la, lb and lc contribute 
to r/if, — —dthiZ,/,, whereas all diagrams 2 in principle con- 
tribute to P Pi and fix ■ Each loop contains a regulator insertion 
dtRk that can be found on any of the internal lines. 



fig. [T] yields a contribution ~ Z^{k) 2 G 2 N , since the vertex 
is ~ Z ( f ) (k), and each propagator ~ Gat(&)- 
Next we introduce the anomalous dimension 

ffa = -dtlnZ^, (13) 

as well as dimcnsionless and renormalised couplings 



Pi(k) = Pi( k ) i = a,b,c, 

\<f,(h) = Xtf,- 

g(k) 

X(k) 



'zl(k) 
l 

G N fc 2 _ k 2 
Z-^(k) 327TK 2 ' 
A_ 

¥' 



(14) 



It is then straightforward to see that the j3 Pi have the 
following form 

dtPi = P Pi 

= Api + 2i] <t> p t + a g 2 /i(A) + ^2 c 2 g p, f 2 (A) 

j — a,b,c 

+ ^2 c 3 p J p k ,+c4g f 3 {X) + ^2 c 5PjA0{15) 

j^k—a,b,c j—a,b,c 

where the first term arises from the canonical dimen- 
sionality. The constants Cj are regulator and gauge 
dependent, as are the functions fi(X). These quantities 



remain to be determined. Crucially, we see that de- 
pending on the c, and the behaviour of fi(X), the point 
Pi = may not be a fixed point of the RG flow, whereas 
it clearly is in the case g = 0. 

In contrast, the /? function for A<^ will not have a con- 
tribution ~ g 2 , since the diagrams 2B and 2G in fig. [| 
vanish if projected onto vanishing external momenta. We 
thus have that 

Px* = 2t7 A + d 1 gp j h 1 (X)+ ^ d 2 pjp k , 

j—a,b,c j 7 k—a,b,c 

+ d 3 gX,ph 2 (X) + ^ rf 4PjA0, (16) 

j=a 1 b 1 c 

where hi(X) are scheme-dependent functions of A and di 
are scheme-dependent constants. Here, the contributions 
~ p 2 play an important role, since for d 2 ^ 0, these imply 
that ^ =1 at A = 0. 

Having said that the Ci,di and fi{X),hi{X) have a 
gauge- as well as regulator-dependence, let us note that 
this will induce quantitative variations in fixed-point val- 
ues and critical exponents, however the existence of fixed 
points and the relevance of these couplings are universal 
properties. 

For the gravitational j3 functions, it is crucial to note 
that there cannot be a direct contribution ~ p,, A^, since 

(2) 

T k evaluated at vanishing fa (in order to project onto 
the terms J d 4 x^/g and J d 4 x ^fg R) does not contain a 
term ~ pi or ~ A^. Thus the matter contribution to dtg 
and dtX arises from the kinetic matter term only. Since 
V4> = V4>{Pa, Pb, Pc), we do however get a backcoupling of 
the pi into the gravitational (3 functions in this indirect 
way. Here we can use that a maximally symmetric back- 
ground with positive curvature suffices to evaluate these 
/3 functions. For the metric and ghost contributions, we 
proceed as in [21] [22]. For the matter contribution, we 
use that for an exponential shape function it is straight- 
forward to evaluate the functional traces via an inverse 
Laplace transform; for details, see appendix [EJ 

In the following, we will use a spectrally and RG ad- 
justed regulator [551153] of the form ( 12 ) with exponential 
shape function r(y) — (e y — 1) . Therein p 2 is under- 
stood to be a placeholder for the eigenvalues of the differ- 
ential operator constituting the kinetic term, evaluated 
on the appropriate background. As an example, for the 
evaluation of /3 p ., p 2 is to be understood as the momen- 
tum, whereas p 2 = —D 2 with D 2 being the Laplacian 
on a maximally symmetric space of positive curvature 
for the evaluation of (3 g and f3\. Note that our choice 
of regulator implies that the right-hand side of the flow 
equation will depend on rj^, tjn and dtX, but not on dtPi 
and dtXd). 
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To obtain the anomalous dimension, we apply the following projection rule: 

1 lr7 ,_i ( d d f d 4 P2 6 6 
i/' 1 



4=0,pi=0 



(17) 



To evaluate the /3 functions for the matter couplings we employ the following projection rules, where the numerical 
coefficients arise due to the differing tensor structure of the four matter couplings: 



d t p a 
dtPb 
dtpc 



1 

384 

1 
384 

1 
192 



dilAAA. 



diiAAA* 



^AAA. + j^^AAA*) 
j^AAA. + ^AAA,,) / (2^)4 s<j>(h 



11 

1152 
1 
192 



(2tt) 4 5cj>(h)Scj>(l 2 )Scj>(l 3 )Scj>(l 4 ) 
4;. j4 



^ftiAAA, - ^%AAA„ + ^dhAAAv) J j0^J^J[ 



)5<j>{h)5<l>il 3 )S<l>{h) 
<5 4 



r. 



)S<f>(h)S<f>(h)5<f>{U) 



i=0,£i=0 



6=0,Zi=0 



17 24J (2tt) 4 \8(f>(li)5(i>(l2)5(i>(l3)54>(U) 



r. 



6=0,Zi=0 



(18) 



For further details, and the appropriate vertices for the 
evaluation of the j3 functions, see appendix [X] 

III. RESULTS 
A. Matter sector without gravity 

Let us first set g = and thereby switch off metric 
fluctuations to briefly examine the pure matter trunca- 
tion. As expected, it admits a Gaufiian fixed point with 
critical exponents 0, —4, —4, —4 as corresponding to the 
canonical dimensionality. Further, we also find several 
non-Gauflian fixed points in the system. These have in 



common, that at all of these, at least one of the cou- 
plings pi, has a negative value, thus corresponding to 
an unstable direction of the Euclidean action. This does 
however not imply that these fixed points should be dis- 
carded, since clearly higher-order operators beyond our 
truncation, such as <fi e operators will be induced. Thus, 
the Euclidean action in an extended truncation could be 
bounded from below even at negative values of the pi and 
A^. 

In tab. |TJ we list the fixed points in this truncation; 
discarding further spurious fixed points since their rather 
large anomalous dimension suggests that terms beyond 
our truncation will crucially alter these. 



Pa* 


Pb* 


Pc» 


A</> * 


?70* 


9i 


02 


e 3 


04 




















-4 




-4 


-4 


-4.67 











-0.82 


4.59 


1.64 







-2.36 


65.31 


40.97 


118.54 


-155.51 


2.87 


-4.02-24.88 i 


-4.02+24.8 


8 i 


-16.47 -0.79 i 


-16.47 +0.79 i 



TABLE I: Here we list the fixed-point values, as well as 
the value of the anomalous dimension 77^ and the critical ex- 
ponents at the various fixed points at g = 0. We find the 
Gaufiian fixed point, as well as two non-Gaufiian ones, where 
the first has two relevant directions. 



Thus, the pure matter system admits several fixed 
points to construct a possible UV completion. Note that 
the critical exponents at the non-Gaufiian fixed points 
deviate significantly from the canonical dimensionality 
of the couplings. To determine the relevance of a cou- 
pling, only the real part of the critical exponent matters. 
The imaginary parts indicate that the flow approaches 
the fixed point in a spiral-type shape. 



In particular, the second of the three fixed points even 
shows two relevant directions, see tab.|l] Hence, using this 
fixed point as a UV completion for the scalar theory in 
this truncation implies a lower level of predictivity than 
expected from a simple dimensional analysis. 

In the following, we will discuss the fate of these fixed 
points under the coupling to gravity. We first focus on 
the Gaufiian fixed point, which becomes interacting for 
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.9^0. 

B. Fixed point analysis in the matter sector: 
shifted Gaufiian fixed point 

Our first result is that the contribution from metric 
fluctuations that is independent of the matter couplings 



Pa,b,c and A,/,, is indeed non-zero. For unspecified regu- 
lator shape function r(p 2 /k 2 ), the contribution takes the 
following form: 



fa 



in, 



Pa,b,ci^<j> — 



Pa,b,ci^<j> — 



Pa,b,ci^<j> — 



575 



- ' dp A 



i 



1728 * J (2tt) 



,(2) 
kh TT h T1 



t 1 + r 



' In 2 ) 



/> = () 



1024 * J (2tt) 



55 



r (2) i + r r iLS£l 
L khh \ 1 ^ r \ k 2 



i 



6=0 



r ( 2) / 1 / r^(,' 



576 f J (2tt) 4 " / col / /r (2) 

p(2) [li./ khi±, l 



d 4 p 3 



1 



96^ J (2*0*\ ( 1 + r ( r*L™**Vl 



6=0 



0=0 



6=0 



(19) 



Here. T 



(2) 

kh TT h TT 



is the scalar part of the inverse trans- 

.(2) 



verse traceless propagator and similarly, T).^ is the in- 
verse propagator of the trace mode h. Herein, all /3p i 
receive a non- vanishing contribution from the two- vertex 
diagram 2B, see fig. [3j whereas only f3p a receives a con- 
tribution from the four-vertex diagram 2G. Due to the 
different tensor structures of the operators assciated to 
the couplings pi, the projection of this diagram onto 
and p c vanishes. 

The two-vertex diagram only has a contribution from 
the transverse traceless graviton mode, due to the form 
of the vertices, see app. [X] Furthermore, the four-vertex 
diagram with internal transverse traceless gravitons has 
a vanishing projection onto the operators under consider- 
ation here, with four external momenta. In fact, this di- 
agram contributes to the running of couplings of higher- 
order operators, i.e. operators with four scalar fields and 
more than four external momenta. 

The effect of these contributions is simple: At vanish- 



ing matter couplings, the contributions eq. ( 19 ) remain 
non-zero. Therefore, the right-hand side of the j3 func- 
tions of the couplings pi is not zero at vanishing matter 
coupling. 

Accordingly there cannot be a Gaufiian fixed point 
in the three momentum-dependent couplings p a ,b.c- We 
conclude that as soon as a free scalar theory is coupled 
to gravity, non-vanishing matter self-interactions are in- 
duced. 



This has a crucial effect on the /3 function for the 
momentum-independent coupling A^: Whereas metric 
fluctuations do not directly induce this term, there is 
a contribution arising from the purely scalar diagram 2c 
in fig. [3j which is ~ pi,: 



ft. 



(20) 



(2tt)< 



.(2) 

k <f><j> 



b (p 2 ) 



0=0 



(2) 

Herein, is the inverse scalar propagator. This con- 

tribution arises, as the contribution ~ pf, to the four- 
scalar vertex clearly contains a part which is proportional 
to the momenta of two of the four scalar fields only, see 
app. [A] Constructing the diagram 2c in fig. |3j there will 
accordingly be a non-vanishing contribution if the mo- 
menta of the external fields are taken to zero. This is 
precisely the non- vanishing contribution to f}\, . We thus 
observe that at = 0, the right-hand side of (3\, is non- 
zero, and thus this j3 function does not admit a Gaufiian 
fixed point, see fig.[4j 

To summarise, metric fluctuations yield a non- 
vanishing contribution to momentum-dependent self- 
interactions parameterised by the couplings p a .b,c- De- 
pending on the tensor structure, these can actually yield 
contributions to This implies that A^ = will not 
be a fixed point of the matter j3 functions in the presence 



of metric fluctuations, since then pf, = is not a fixed 
point and accordingly (3\ ^ at A^ = 0. 

Thus our results imply that metric fluctuations 
induce a non-vanishing potential for scalar matter, 
since momentum-dependent as well as momentum- 
independent couplings will be induced. 

Most importantly, this means that canonical power- 
counting arguments in the matter sector will not hold: If 
the system of /3 functions admits a fixed point, it can only 
be a non-Gaufiian one. Therefore the critical exponents 
will not be given by the canonical dimensionality of the 
couplings, but will receive additional contributions from 
quantum fluctuations and have non- vanishing anomalous 
dimensions. This is particularly interesting in the case of 
power-counting marginal couplings such as A^, which will 
be turned into a relevant or irrelevant coupling. 

In the following, we will illustrate this, by looking at 
the full system of f3 functions for p a ,b.c and A^. Here, 
we treat g and A as parameters, and set t]n — —2 and 
d t X = 0. 

We investigate the behaviour of the Gaufiian fixed 
point as a function of g. For increasing g and A it will 
clearly be shifted. Indeed we find two fixed points which 
are connected to the Gaufiian one continuously as a func- 
tion of g; for the examination of further non-Gaufiian 
fixed points, see section [Til C| 

As expected, at g = 0, where metric fluctuations are 
switched off, the system f3 Pa b c , fi\ admits a Gaufiian 
fixed point with critical exponents 9 a ^.c = —4 and 
Ox^ = 0, corresponding precisely to the power-counting 
dimensionality of these couplings. 

The situation changes at g > 0: As is clearly visible 
in fig. [4j the fixed-point values increase in their absolute 
value as a function of g. Similarly, the anomalous con- 
tributions to the critical exponents increases with g, see 

fig-! 

At g ^ there is no fixed point with vanishing mat- 
ter couplings. We conclude that the so-called Gaufiian 
matter fixed point is shifted and becomes a fully non- 
Gaufiian fixed point, where both gravitational and mat- 
ter couplings are non- vanishing. This confirms our claim 
that metric fluctuations generically induce matter self- 
interactions even if a free matter theory is coupled to 
gravity. 

The mechanism behind this is simple: The most impor- 
tant contribution to the /3 functions of the pi comes from 
diagrams, where all vertices are ~ Z$. These generate 
a contribution to the /3 functions for pi, which is non- 
vanishing if all matter self-interactions are set to zero. 
Thereby the j3 functions in eq. (15 1 will have a non- 
vanishing contribution with c\ =^ 0. When taking pi — > 0, 
this term remains. Thus pi — and A^ = is not a zero 
of the p functions and thus does not correspond to a fixed 
point. 

Most importantly, we note that the critical exponents 
in the matter sector deviate very significantly from their 
canonical values, which they would have at a Gaufiian 
fixed point, see fig. [5} Thus metric fluctuations not only 
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FIG. 4: Here we plot the fixed-point values of the matter 
self-couplings as a function of g for a value of the cosmological 
constant A = 1/10. The blue circles show the first fixed point, 
the orange squares the second fixed point. The fixed point 
values approach each other for increasing values of g. Note 
that in fact, the values of A,/, at the second fixed point are 
small, but non-zero for g > 0. Beyond g = 0.35, we do not 
find any fixed points, i.e. the two fixed points annihilate. 
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induce a shift in the j3 functions of matter couplings, such 
that these are non- vanishing at the fixed point, most im- 
portantly they considerably alter the scaling behaviour. 
This change in the scaling is due to diagrams such as 
a tadpole diagram and further mixed metric-matter di- 
agrams which yield contributions ~ g pi and ~ g 
and thus change the critical exponents in comparison to 
the free theory. A further contribution arises from the 
purely scalar two-vertex diagram, which yields contribu- 
tion ~ p i pj and ~ PiXcj, to /3 Pi and ftx^. Once metric fluc- 
tuations induce a non-zero value for the matter couplings, 
these in turn contribute to change the critical exponents 
from the power-counting values. We point out that such 
diagrams are expected to contribute to the j3 functions 
of all matter couplings, even those which are not induced 
by metric fluctuations, i.e. where a contribution of the 
type ~ c\ (see eq. (15)) is absent. Furthermore the pi 
also couple into the flow of other matter couplings. We 
might thus speculate, that a similar shift in the critical 
exponents as observed here, could also occur for other op- 
erators. It is thus possible that power-counting marginal 
operators are shifted into relevance at the shifted GFP. 
An example of this is clearly given by the first fixed point, 
where one critical exponent is actually positive, see fig. [5] 
Furthermore we make the important observation, that 
at both fixed points the critical exponents are actually 
shifted towards larger values. We might thus conjecture 
that operators of canonical dimensionality -2, which we 
have not included in our study, such as two-momentum 
four-scalar operators, will also be shifted into relevance 
at these fixed points. 

Further, our results suggest, that quantum effects will 
also be non-negligible for couplings beyond our trunca- 
tion. Diagrams as shown in fig. [6] will generate further 
interaction terms. In fact our calculation is a first step 
in a more general direction. It is directly clear from the 
expression for the vertices, that metric fluctuations will 
generate all terms of the form 



{g^d^d^T =: *, 



(21) 



with n integer, and similar powers of the other tensor 
structures. Thus the effective action will be of the form 



r fc * = Vfc(#) 



(22) 



with some function Vfc, which we have assumed to be 
expandable in a Taylor series and have studied the first 
two coefficients in the Taylor expansion here. Further 
terms with higher powers of momenta can also exist. 

A full study of scalar fields coupled to gravity should 
include the full momentum-dependent potential V(&). 
Let us comment on two related issues, namely the ques- 
tion of unitarity, i.e. absence of unphysical degrees of 
freedom, and the question if the effective equation of mo- 
tion for <j), which can be derived from eq. (22 1, will allow 



to specify initial data with only a finite number of free pa- 
rameters. As we have explained, one should generically 
expect that infinitely many terms of the form $™ will 
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FIG. 5: Here we plot the four critical exponents at the two 
fixed points, for A = 1/10 and as a function of g. Clearly, 
at g = 0, the critical exponents are given by the canonical 
dimensionality of the couplings p and A. At g > 0, they 
deviate significantly. Most importantly, there is one relevant 
critical exponent at the first fixed point (upper panel). 




FIG. 6: Metric loops will generically induce non- vanishing 
scalar self-interactions with an arbitrary even number of 
scalar fields. 



acquire a non-zero coupling through metric fluctuations. 
Accordingly the effective equations of motion will gener- 
ically contain infinitely many derivatives, thus naively 
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requiring an infinite number of initial conditions. This 
naively corresponds to a loss of predictivity at the level 
of the effective equations of motion 4 . As explained in de- 
tail in [60 , differential equations with an infinite number 
of derivatives do not generically allow to freely specify an 
infinite number of initial conditions. In fact, each pole in 
the propagator comes with 2 initial conditions, at least in 
the case of a free field theory. Thus the question of pre- 
dictivity is closely linked to the existence of unphysical 
degrees of freedom: Whenever the propagator acquires a 
non-physical pole, further initial conditions are necessary 
to specify the solution to the equations of motion in the 
free field theory case. 

If asymptotically safe quantum gravity is a physically 
permissable theory in the sense of being ghost free, then 
Tfc^pCp 2 ) must not have a ghost pole, see [3U] for indica- 
tions that RG trajectories of this type exist. The precise 
relation between ghost poles and initial conditions must 
be examined in the fully interacting theory, but assum- 
ing that the analysis of the free field case carries over, the 
avoidance of further propagator poles at the same time 
implies that the solution to the equations of motion will 
not require infinitely many initial conditions |60| . thus 
the theory is predictive. 

Let us emphasise that this question of predictivity can- 
not be addressed from our calculation, as we truncate the 
effective action at order (j> 4 . 

It is interesting to observe that the fact that infinitely 
many couplings are non-zero at the fixed point, which 
at a first glance seems to constitute a problem, really 
might be the mechanism to precisely avoid this problem 
and render the theory ghost-free. 

Let us now consider the anomalous dimension r)$ . 
It is of interest for several reasons, the first being, that 
it enters the scaling relation of any scalar coupling in 
the vicinity of the fixed point. To see this, consider any 
coupling <7i J d 4 Xy/gO n , where O n is an operator con- 
taining n powers of the scalar field, an arbitrary power of 
derivatives and any further operators that depend on the 
metric, such as, e.g. the curvature scalar R. Redefining 
the scalar field such that the kinetic term has standard 
normalisation, — > yields a renormalised coupling 



fjn 



Accordingly the /3 function for g n contains 



4 There are two potential sources of loss of predictivity in a sce- 
nario with a non-GauBian fixed point: The first is, that infinitely 
many non-zero couplings only lead to a predictive theory if only 
a finite subset of them is relevant. This seems to be the case 
in asymptotically safe quantum gravity, and implies, that it is 
possible to write down effective equations of motion which con- 
tain an infinite number of terms, but just a finite number of free 
parameters. Having arrived at this step, the next question is if 
these effective equations of motion permit a solution with only a 
finite number of initial conditions, else predictivity is lost at this 
step. 
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FIG. 7: Here we plot the value of n^ as a function of g for A = 
1/10 at the fixed points as in fig. [4] Towards larger values 
of g, rjtf, becomes increasingly negative at both fixed points, 
implying that further matter couplings could be shifted into 
relevance. 



a term of the form /3§ = nr\^g n + 



To calculate 



the critical exponent associated with this coupling 
(for simplicity we assume that the stability matrix is 
already diagonal, but our argument carries through to 
the case where different operators mix) we take the 
derivative — g^ 2 - = —nrj^ + .... Thus we conclude, that 
the question, if a coupling is relevant, depends on the 
anomalous dimension of the corresponding field, see 
also [35] for the application of this argument to the 
Faddeev-Popov ghost sector. To obtain the complete set 
of relevant directions we need to consider the anomalous 
dimension. 

In the case of the scalar field coupled to gravity, we 
observe that increasing values of g induce a change of sign 
in at both fixed points, such that r/^ becomes negative, 
see fig. [7] Thus further matter couplings besides those 
included in our truncation, may become relevant. 

The anomalous dimension is also of interest for a sec- 
ond reason: Asymptotic safety is assumed to yield a 
fractal spacetime in the sense that one manifold is en- 
dowed with a family of metrics, labelled by the RG scale 
k [HI E21 [61] . In particular, indications are found that in 
the fixed-point regime, an effective dimensional reduction 
to d = 2 occurs. There are several possible interpreta- 
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tions for this result: The first implies that the effective 
dimensional reduction is visible to all fields, i.e. metric 
as well as matter fluctuations behave as in 2 dimensions. 
The second interpretation is, that this effective dimen- 
sional reduction is felt by the gravitational degrees of 
freedom only, but matter fields cannot be described as 
propagating in 2 dimensions at high momentum scales. 
The first interpretation would require r\ — > — 2 for all 
fields, since then the propagator scales logarithmically 
with distance, i.e. as in 2 dimensions. Naturally, we do 
not expect to obtain the exact value —2 in any trunca- 
tion. On the other hand we do expect, that the sign of r\ is 
not dependent on the truncation, since the sign crucially 
decides on the number of relevant operators, which is gen- 
erally expected to be a truncation-independent quantity 
in the sense that the relevance of any operator should not 
depend on the truncation in which its f3 function is evalu- 
ated. Thus a positive anomalous dimension would imply, 
that the dimensional reduction is a mechanism which ap- 
plies to the propagation of gravitational fluctuations, but 
not necessarily to matter fluctuations. 

Here, we observe that for increasing g, the values of 
r]^ become negative. Extensions of the truncation can 
induce changes 0(1) in these quantities, so whether a 
values of r\§ ~ — 2 will be approached in a more complete 
truncation remains to be investigated. We conclude that 
the observed value of at the shifted Gaufiian fixed 
point in this truncation is not incompatible with some 
form of dimensional reduction. 

A crucial consequence of the anomalous dimen- 
sion is the momentum-dependence of the propagator, 

(v^^j = (ZkP 2 ) l . In a single-scale setting, where 

the momentum of the scalar field sets the physical scale, 
the identification k 2 = p 2 is reasonable, its justification 
being that in such a setting a tree level evaluation of 
the effective action suffices to evaluate the leading order 
contribution to physical quantities such as scattering 

cross sections. Thus we have that ^rj. 2 ^ = (p 2 ) 1 ? '^ 2 - 

This type of RG improvement can be used to deduce ex- 
perimental consequences of asymptotically safe quantum 
gravity (or, within the effective field-theory framework, 
of other UV completions for gravity). Here we conclude 
that the observed values of < for larger g imply 
a suppression of scalar fluctuations in comparison to 
the perturbative expectation. Thus, the contribution 



of high-momentum scalar fluctuations in loop diagrams 
is suppressed, which can have observable consequences. 
Note that ij^ > makes the scalar propagator even more 
divergent than in perturbation theory. However this 
does not imply that physical quantities will be divergent 
at this fixed point. It is to be expected that anomalous 
scaling of vertices yields finite values for scattering 
amplitudes etc. 

C. Fixed-point analysis for the full truncation 

As discussed, we observe two interating fixed points 
in the matter sector at small values of g and A, which 
are connected continuously to the Gaufiian fixed point. 
These vanish if we go beyond certain critical values of 
g and A, e.g. along the line A = 1/10, they vanish for 
g > 0.35. Let us note that within an extended truncation, 
this can very well change: On the one hand, further con- 
tributions to the matter beta functions exist, e.g. from 
further matter couplings, such as <j) 6 couplings. These 
can in principle balance the effect of metric fluctuations 
and allow the shifted Gaufiian fixed points to exist be- 
yond the values found in this truncation. Furthermore, 
the fixed-point values in the gravitational sector depend 
on the inclusion of further operators, and further mat- 
ter fields. Finally, we work within a single-metric ap- 
proximation, and do not take the bimetric structure of 
the RG flow in the background-field formalism into ac- 
count in our calculation. Thus our results do not imply 
that within extended truncations, a shifted Gaufiian fixed 
point cannot exist in the full truncation. 

Here we make the following observation: The full sys- 
tem of (3 functions for the matter and gravity sector 
(see app. [D]for the matter f3 functions for general shape 
function) does not admit a Gaufiian matter fixed point 
(where gravitational couplings are non-zero, but matter 
couplings are zero), and it also does not admit the ex- 
istence of an interacting fixed point which is connected 
continuously to the Gaufiian one for g — > 0. 

We find a non-Gaufiian fixed points at considerably 
larger values of the matter couplings, see tab. [n] This 
fixed point seems to be the continuation of the third fixed 
point in the pure matter system, see tab. [ij Note that 
the effect of metric fluctuations is to considerably change 
the values of the critical exponents, albeit keeping them 
negative thus corresponding to irrelevant couplings. 
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TABLE II: Here we give the fixed-point values of all, gravitational and matter couplings, at the non-Gaufiian fixed point. We 
also list the value of the anomalous dimension, and the critical exponents. We find two critical exponents with positive real 
part, as well as for critical exponents with negative real part, corresponding to to irrelevant directions. 

I 



Since the momentum-independent coupling A^, is neg- 



ative at the fixed point, the Euclidean effective potential 
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seems unbounded from below. Here it is important to 
realise that higher-order terms in the scalar field will be 
induced by metric and scalar fluctuations. These can re- 
sult in a bounded effective potential, even for A^ < 0. 
Thus we cannot discard this fixed point on the grounds 
of stability. 

The mechanism, why the shifted Gaufiian fixed point 
in the matter couplings vanishes completely for larger 
values of g and A, but not the non-GauBian one, is simple 
to understand: Whereas the effect of metric fluctuations 
is to shift the matter (3 function in such a direction as to 
induce the vanishing of fixed points, matter fluctuations 
have the opposite effect: The pure matter system admits 
the existence of non-trivial fixed points. Thus the only 
scenario in which a full fixed point can survive the onset 
of metric fluctuation is one where the matter sector itself 
is strongly interacting, since then clearly the effect of 
metric fluctuations is less dominant than at the Gaufiian 
matter fixed point. 

We thus arrive at the following conclusion: In a scalar 
theory coupled to asymptotically safe quantum gravity, 
there is no Gaufiian matter fixed point. For very small 
values of g it becomes shifted into an interacting fixed 
point. Finally, at larger values of g, where the gravita- 
tional j3 functions have fixed points, the shifted Gaufiian 
fixed point in the matter sector does not exist any more 
(i.e. the zeros of the j3 function lie in the complex 
plane away from the real axis). There is a fully non- 
Gaufiian fixed point at larger values of the matter cou- 
plings. Canonical power-counting does not hold at this 
fixed point, due to the large fixed-point values. 

We conclude that in constructing a quantum theory 
of gravitational and matter degrees of freedom based on 
asymptotic safety the fact that the gravitational sector 
remains interacting in the UV implies that there will be 
a strongly-coupled matter sector. Within our truncation 
we find no evidence for a picture where the far UV is 
dominated by metric fluctuations only, and the matter 
sector becomes trivial. In contrast, the UV behaviour 
of the theory is determined by an interacting matter 
and gravity theory, where metric fluctuations induce non- 
vanishing matter couplings, and accordingly matter fluc- 
tuations become important and drive the running cou- 
plings in both sectors. 

Interestingly, none of the matter couplings is shifted 
into relevance, although quantum fluctuations induce 
large departures from canonical scaling. This is also re- 
flected in the large anomalous dimension ^ . Note how- 
ever, that two of the critical exponents are rather close 
to zero. It is thus conceivable, that similar shifts in cou- 
plings of canonical dimensionality —2 result in these cou- 
plings becoming relevant. Therefore, extended trunca- 
tions of scalar matter coupled to gravity might exhibit 
more relevant couplings than the sum of relevant cou- 
plings in the gravitational and the matter sector consid- 
ered separately. 

We observe that since this fixed point is dominated 
by matter fluctuations, the anomalous dimension for the 



scalar is positive. 

Let us discuss the dependence of our results on the 
choice of regulator: Here, we employ a spectrally ad- 
justed cutoff, that implies the existence of terms ~ 
V&iVNjdtX on the right-hand side of the flow-equation. 
These terms result in a clearly non-perturbative struc- 
ture of the flow equation, since rj^ will also depend on 
the inverse of the matter couplings, see app. [E] In Yang- 
Mills theory, this structure is crucial to uncover the exis- 
tence of an infrared attractive non-Gaufiian fixed point, 
see [55]. 

A regulator of this type has also been employed in [55] 
to evaluate the ghost anomalous dimension in asymptotic 
safety, as compared to a non-spectrally adjusted one for 
the evaluation of the same quantity in [23) . In the same 
choice of gauge, the difference in regularisation scheme 
yielded r\ c = — 1.3 vs. ?j c = — 1.8. This exemplifies that 
numerical differences follow from the use of one versus the 
other regularisation scheme, but important conclusions, 
in particular about the relevance of couplings, are not 
affected. Most importantly, as has been pointed out in 
[53"] . there exists a choice of non-spectrally adjusted cut- 
off which reproduces the fixed-point values found with 
a spectrally adjusted cutoff. We thus conclude that our 
main results on the existence of fixed points and most 
importantly the critical exponents should not be affected 
by a change in the cutoff procedure. 

Since new matter-couplings are induced by metric fluc- 
tuations, it is interesting to investigate their backreaction 
onto the gravitational sector. This is another test of the 
consistency of the asymptotic-safety scenario: To decide 
whether a fixed point is an artifact of a truncation, or 
exists in full theory space, it is useful to investigate its 
stability under extensions of the truncation. Further- 
more, the numerical values of the critical exponents are 
a good measure of the stability of the fixed point under 
such extensions. Numerous results exist showing the sta- 
bility of the fixed point under various extensions of the 
truncation [TMS1 HHSJ [2J |3Dl [35J [3B] . Here, 

we add further evidence, by including the couplings Z$ 
and pi into the flow of g and A. At a first glance, one 
would not expect a backcoupling of pi into the gravita- 
tional (3 functions j3 g and /3a, since the terms ~ pi in the 
effective action do not contribute to the scalar two-point 
function at vanishing scalar field, see also sect. [IT] How- 
ever the pi contribute to rj^, which does of course enter 
the gravitational j3 functions. Since Z^k) corresponds 
to an inessential coupling, it can be eliminated from the 
other (3 functions, by simply inserting rj^g, A, p a , p\,, p c )- 
In this fashion the pi enter j3 g and P\, and can thus alter 
the RG flow of g and A. 

As a result, we point out that the RG flow projected 
onto the Einstein- Hilbert subsector {f3 g ,(3\} is very sta- 
ble under this extension of the truncation. As can be 
seen in fig. [8] changing the value of the matter couplings 
considerably only leads to a very slight change in the 
fixed-point values and the structure of the RG flow in 
the Einstein-Hilbert sector. 
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In particular, our extended truncation again permits 
to choose initial conditions for the RG flow within the 
UV-critical surface of the NGFP which give a trajectory 
with a long classical regime, see fig.§ and, e.g. [52]. 
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FIG. 8: Here we plot the RG flow towards the infrared, 
projected onto the Einstein-Hilbert plane for p a = 47.094, 
p b = 24.771, p c = 66.120 and A = -127.502, cf. tab. [H] 
Clearly the flow resembles the flow in the pure Einstein- 
Hilbert truncation at vanishing matter couplings to a very 
high degree and admits trajectories passing very close to the 
GauBian fixed point and yielding a constant value of the di- 
mensionful Newton coupling and cosmological constant, in 
accordance with observations. 

Taken together, we take this as further evidence for 
the NGFP in the gravity theory not being an artifact of 
the truncation, but existing in full theory space. 



IV. THE POSSIBILITY OF OBSERVABLE 
EFFECTS IN THE CMB 

Inflation with a scalar field within asymptotically safe 
quantum gravity has been studied in [64] . The main 
conclusion is that inflation and a scale-invariant spectrum 
of scalar perturbations are possible in such a setting. 

As is known, derivative interactions do not alter the 
slow-roll conditions for inflation, since within the stan- 
dard scenario, the classical background value of the scalar 
field is constant over space, and \4> 2 « V{4>). Clearly 
adding any type of derivative-interaction to the potential 
respects these conditions. Momentum-dependent inter- 
action terms have been studied in the context of inflation, 
see, e.g. [55]. Thus our result, that metric fluctuations 
generate momentum-dependent scalar interactions, will 



not affect the conclusion that asymptotically safe quan- 
tum gravity can admit inflation with a scalar field. 

Interestingly, one of the operators that we investigate 
here, namely <f> 2 has been shown |66j to potentially give 
larger non-Gaufiianities in the spectrum of the scalar field 
fluctuations than in the standard slow-roll inflation with- 
out this additional term |67) . 

Following [66 , the result for the non-Gaufiianity pa- 
rameter /jvl 5 is /jvl ~ pa- The value for /jvl thus de- 
pends on the identification of k: Evaluating the three- 
point function of the scalar field fluctuations during in- 
flation requires the identification of the RG scale k with 
a physical scale of the system. Here, a possible choice 
is k ~ H where H is the Hubble scale during inflation, 
see, e.g. [55J and references therein. The precise scale- 
identification is crucial for a quantitatively meaningful 
prediction of the non-Gaussianity. 

Since asymptotically safe quantum gravity necessitates 
the existence of such a term, this effect could in principle 
be an observable consequence of asymptotic safety with 
experiments. 

For a prediction of the numerical value of /tvl, the flow 
of p a on a trajectory potentially describing our universe 
is necessary. In particular this will crucially depend on 
terms beyond our truncation, such as 0(4> 6 ) terms, which 
give a direct contribution to f3 Pa . 

In a more general setting, fluctuations of the metric 
generate this term within the effective-field theory set- 
ting. Since it leaves an observable imprint in the CMB, 
measurements of the non-Gaufiianity allow us in prin- 
ciple to access the RG flow of Newton's coupling and 
the cosmological constant in other quantum gravity pro- 
posals. In more detail, the idea is the following one: 
Different quantum gravity proposals differ in the choice 
of their fundamental variables, the realisation of funda- 
mental symmetries etc. Thus the "pure quantum gravity 
regime" , in which even the notion of a continuous space- 
time is often postulated to break down, looks widely dif- 
ferent in distinct quantum gravity proposals. They agree 
on the necessity to recover classical Einstein gravity at 
small momentum (large length) scales. Presumably there 
is a regime between a "pure quantum gravity regime" 
and the classical regime, in which quantum gravity fluc- 
tuations start to be important, but they can be calcu- 
lated within a framework, in which the symmetries of 
Einstein gravity hold, and the metric is used as an ef- 
fective degree of freedom. This regime is a semiclassical 
regime, where our calculation holds, and it presumably 
dominates energy scales at which inflation takes place. 



5 This parameter is defined as follows: The power spectrum 
T > (pi,P2) and the bispectrum B(pi,p2,P3) of the scalar pertur- 
bations are defined via the Fouriertransform of the two- and 
the three-point function, modulo a <5 function for momentum- 
conservation. Then the simplest measure for non-Gaufiianity is 
f _ jj_ B(p,p,p) 
JNL — 18 V{p,p) 2 ' 
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Within this regime, the RG framework can be applied. 
The crucial point to realise is that different proposals for 
quantum gravity will translate into different initial (i.e. 
high-energy) values for the couplings, at which the RG 
flow will start. In order for the quantum gravity proposal 
to be realised in our universe, the RG flow must reach 
a region where Gjv = const on small momentum scales. 
On scales slightly below the initial UV scale, the values 
of different couplings can be very different for different 
quantum gravity proposals. What they all have in com- 
mon is the generation of matter-interaction terms such 
as the one that we have investigated here. Thus many 
proposals for quantum gravity, different as they may be 
in the very far UV, will all generate a non-zero value for 
p a at energy scales presumably below the Planck scales. 
Bridging the gap between the fundamental description 
and the effective-field theory description then allows to 
predict as specific RG trajectory p a (k) for a specific UV 
completion. As p a is in principle accessible to obser- 
vations in the non-Gaufiianity of the CMB, we can in 
principle use this observation to infer the RG trajectory 
of the Newton coupling and the cosmological constant. 
Thus different UV completions for gravity can be distin- 
guished at the level of observation. 



V. CONCLUSIONS AND OUTLOOK 

We have studied quantum gravity coupled to matter, 
and shown that in the case of a scalar field, quantum 
gravity fluctuations, which we parameterise as metric 
fluctuations, generate scalar self-interactions when cou- 
pled to gravity. We point out that this is a generic fea- 
ture of quantum gravity fluctuations: Whenever a free 
matter field theory is coupled to gravity, the ^fg gen- 
erates matter-graviton vertices, and graviton loops gen- 
erate matter self-interactions, in particular in the non- 
perturbative regime. Here we have shown that in the 
case of a scalar field, the induced interactions are mo- 
mentum dependent, and thus have the form (<9 M 0<9 M </>) 2 ™, 
(f) n {V 2 (j)) n and {d^d^(j)) n (</>V 2 </>)" with n > 1. Most 
importantly, these matter self-interactions also couple 
into the flow of the scalar effective potential, and re- 
move the GauBian fixed point in the scalar momentum- 
independent coupling A^. Thus we conclude that quan- 
tum gravity fluctuations alter the properties and the dy- 
namics of matter systems. 

Let us stress that this result holds within asymptotically 
safe quantum gravity, but also in an effective-field-theory 
setting, where the UV completion for gravity is not spec- 
ified. We thus conclude, that quantum gravity effects 
generically alter the properties and dynamics of matter 
theories in comparison to the gravity-free case. 

As shown in a previous work [571 HE] > a similar mecha- 
nism is at work when fermions are coupled minimally to 
gravity: Starting with only a minimally coupled kinetic 
term, four-fermion interactions are induced, even if these 
four-fermion couplings are set to zero initially. Due to 



the dimensionality of | of a fermion field, the induced 
fermionic self-interactions are not momentum-dependent 
in this case. 

Let us comment on the interesting case of gauge fields 
coupled to gravity, studied in [33 [221 GUI I5MT5] , which is 
the subject of future work: In a similar way to what we 
observed here, higher-order gauge-field self-interactions 
will presumably be generated. Since there is no sym- 
metry to forbid the generation of these terms, only a 
highly non-trivial cancellation mechanism between dia- 
grams could avoid the generation of some of the infinitely 
many (F^F^) terms. In principle, quantum gravity 
effects could even lead to an unstable matter action, thus 
excluding this type of UV completion for gravity. 

Let us also note that a similar mechanism is expected 
to be at work in a first-order formulation of gravity, as 
examined in [TH [75] in the context of asymptotic safety. 

Noting that the metric-induced matter interactions can 
alter the dynamics of matter fields at high momenta, 
and also potentially increase the number of relevant cou- 
plings, and thus the free parameters of the theory, one 
might wonder if there is a way to avoid this mechanism. 
At a first glance, unimodular quantum gravity |76[ I77j. 
where Jg is held fixed, and which, at the classical level 
is equivalent to General Relativity, might provide a solu- 
tion: One might think that holding yfg fixed avoids the 
generation of matter-graviton-interaction vertices from a 
free theory. However this is only partially right, since 
kinetic terms usually contain further factors of the met- 
ric. Even if the covariant derivative reduces to a partial 
derivative, as in the case of a scalar field, further factors 
of the inverse metric exist (as in g^d^d^)- These can 
be expanded in an infinite series in the fluctuation metric, 
thus again generating metric-matter interactions, which 
induce matter self-interactions through loop diagrams. 

We conclude that the mechanism which generates mat- 
ter self-interactions when a free matter theory is coupled 
to gravity, seems to be rather generic, and can presum- 
ably not be avoided for any type of matter, be it scalar, 
fermionic or spin-1. 

Within our truncation, we find the following inter- 
esting results: Metric fluctuations shift the so-called 
GauBian matter fixed point to make it an interacting one, 
where momentum-dependent interaction terms have non- 
zero couplings and also induce a non- vanishing value for 
the momentum-independent coupling A^. First treating 
the (dimensionless) Newton coupling g and the cosmolog- 
ical constant A as external parameters, we find two fixed 
points in the matter /? functions which are connected 
continuously to the GauBian fixed point for g — > and 
which exist for small values of A and g. Most impor- 
tantly, the critical exponent of the matter couplings at 
the fixed points are changed considerably in comparison 
to the GauBian case, and in fact can turn into a rele- 
vant coupling. 

Studying the full system of j3 functions for 
g, A, p a , p , p c , Xcj,, we note that the shfited GauBian 
fixed points cease to exist: They exist for small values of 
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g, but since metric fluctuations have the effect shifting 
the matter /3 functions such that fixed points tend to be 
removed, values around {g ~ 0.25, A <~ 0.35} are too big 
in order for the shifted Gaufiian fixed point to exist. In 
the full truncation, only a non-Gaufiian fixed point with 
large values of the matter couplings exist. In the limit 
g — > 0, where metric fluctuations are turned off, it is not 
continuously connected to the Gaufiian fixed point. At 
this non-Gaufiian fixed points, the matter couplings re- 
main irrelevant, but the critical exponents deviate from 
the power-counting dimensionality of the couplings. The 
gravitational couplings correspond to relevant directions. 
Thus our 6-coupling theory space admits a UV comple- 
tion which is fully interacting and has two free parame- 
ters. 

We therefore conclude that within asymptotically safe 
quantum gravity, it is crucial to take into account the 
metric-induced matter self-interactions, since their exis- 
tence implies that in the far UV, both gravitational as 
well as matter couplings are non-zero and therefore both 
sector contribute to the RG flow. Most importantly, the 
critical exponents deviate significantly from the canoni- 
cal scaling dimensions. We thus conclude, that within a 
more extended truncation, matter couplings with nega- 
tive canonical dimensionality could even be shifted into 
relevance. 

Note furthermore that matter self-interactions generi- 
cally couple back into the flow of the gravitational cou- 
plings. In our case, this happens since the anomalous di- 
mension 7/0, which couples into /3 g and depends on the 
Pi. Potentially, gravity- induced matter self- interactions 
can then crucially alter the RG flow in the gravitational 
sector. In the truncation investigated here, the change of 
the gravitational RG flow in comparison to the matter- 
free case is only mild, but a complete study of the gravita- 
tional RG flow must take into account the metric-induced 
matter self-interactions. 

Future directions of this work should obviously include 
extension of the truncation in the matter sector, but also 
resolve the single-metric approximation and account for 
the bimctric nature of the RG flow in the backgrounf- 
ficld formalism in gravity. Finally, further matter fields, 
that in more realistic toy models of the standard model 
obviously couple to both gravity as well as the scalar 
sector, can also have a crucial effect on the fixed-point 
structure in the UV. 

Note also that the mechanism that we explained here, 
also applies to Faddeev-Popov ghosts fields, which arise 
in the context of gauge-fixing. Metric fluctuations can be 



expected to generate further terms involving ghost fields 
beyond the simple exponential of the Faddeev-Popov de- 
terminant. It should be expected that the ghost sector of 
asymptotically safe quantum gravity differs significantly 
from a perturbative ghost sector. Whether this allows 
for a solution of the Gribov problem in quantum gravity 
remains to be investigated. 

We point out that momentum-dependent scalar 
interaction terms as the one investigated here have been 
examined in the context of inflation: Assuming that 
the slow-roll conditions for a scalar field are satisfied, 
this type of term is also allowed. However it does have 
interesting consequences for possible observations, since 
it can induce larger non-Gaufiianitics in the CMB than 
within a standard slow- roll scenario. We conclude that, 
although quantitative precision cannot be expected from 
our truncation, asymptotically safe quantum gravity 
might be expected to leave a potentially observable 
imprint in large non-Gaufiianities in the CMB, which 
might be observable. 
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Appendix A: Vertices 



In the following we list all vertices which can be derived 
from our truncation. Here, h = g^h^ and g^hTJ = 
and D^hJ^J — 0. Further components of a decomposition 
of the fluctuation metric do not couple into the matter (3 
functions. We follow the conventions 



(27T)" 



( p-x 



and 



iVV(p,«) = 



8<f> a (p)6<f> b (-qy 



(Al) 



(A2) 



Herein $ a denotes the components of a superficld, thus 
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With this conventions in mind our truncation yields the following vertices: 



ifLb,?) = -Mk){-P-1 + <l 2 )<t>{q-p) 



<t>{h)<t>{h)<t>{q -p-h-h)(^{-V hil - P 2 l\ + P ■ hq 2 ) + 2A 
+ ^ (-h ■ qp-h-h-hp- q-p-hp-h-h- hp ■ h - h ■ hp ■ h)j ■ (A3) 



h,h 



Here we use the following notation: J q = J 



^klhM = \z^k)(-p-q+p 2 )^q-p) 

+ I c/>(hW 2 )cl>(q-p-h-h)(^(q-hll-q 2 l 2 1 -q-hp 2 )+2\4> 

+ ^ (-h ■ pq ■ h - h ■ hp ■ q - q ■ hq ■ h + h ■ hq ■ h + h ■ hq ■ h)j ■ (A4) 

We make the following useful observation: From the kinetic term, there is no vertex with two internal scalar 
gravitons, so the vertex is ~ pc 

r klhM = I i i Hh)Hh)Hh)Hq-P-h-h-k)(j(^q-hl 2 2-p-hl 2 2 -lp-hq-h-lq-hp-h^ 

~ (~h ■ hq -h + h- hp ■ h) + \h) ■ (A5) 

The vertices coupling the scalar to the transverse traceless graviton component read as follows: 

r fe hu tip, q) = — y— 4>{q - p) (Zq^ - q^Pv - 3wv + p^Pv) 

+ / <p(h)(p(h)(p(q-p-h-h)(-2p b (k)(2h^hJl + q^qJl + h^h v q 2 ) 
Jh,h v 

-2po(fc) {{-Qnhv - qJip) {-h ■ P + h ■ q - h ■ h - 1\) + (h nh v + hvh {q ■ p + q ■ h + q ■ h - q 2 )) 

-y (l2»h v (-2/i -q-2h-p-2l\- 2h ■ h) + q 2 (h^hv + huh?) + 2q ll q v l x • h 

+l 2 {—hnQv - hvq^i - Ptxhv — Pvhy, - 2hnhv — h^hv - hvhn)^, (A6) 



r fc 4, = — ^^(q ~ p) ( 2 p»pv - q»Pv - q^p^ + 

+ / 4>{h)(f>{h)(f>(q-p-h-h)(-2i5 b (k)(2h^iJ 2 2+P^pJl + h^h v p 2 ) 

-2p a (k) ({pphv+Pvhn) {h- q-h-p-h-h-ll) + (h^hu + hvh^) {p ■ q - p 2 - P ■ h - P ■ h)) 
~{l2„h v (2/i -p + 2h-q-2l{- 2h ■ h) + P 2 (h„hu + hvh») + Zp&vh ■ h 

+l 2 {h^Pv + hvPn + q^ihv + qJin - 2h^l lv - h^hu - hvh^) ) ) , (A7) 
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.(2) 
kh 

Z^k) 



0(Zl) <f>(q-p- h)(lx(-P-y +? 7 - {$hk8v\ + S^uk) 

+ ({h n&u\ + h vSpx) (p K + h *) + (h nS VK + h „<5 MK ) (px + h \) 



Hh) 4>{h) Hh) ftq-p-h-h- h) 



(S^Sux + 8p\5 UK ) h ■ h(h ■ q - h ■ P - k ■ h - h ■ h - I3) 



Pb 
2 



2 



h x^hk + huh v$nx +'u'2 fj,3vx + h 

■ (fa • g - fa • P - h ■ h - h ■ h - l\) 

+ g ((^1/^2" + huhfi) {ha ("PA - h x - h x ~ h x) + hx (~Pk - hn~ hn~ ha)) 
+ {hnhx + hxhn) (h/j, {qv — hu — fov — hu) + hv {q^ ~ h ^ ~ h — hn))j 

+ 2q ■ hlj - 2 P ■ hlf) - (S^Sux + SpxSn) 
+ l\ {(pxhn - q^hx) S VK + (pjtfj. - q^lu) S v x + (pxhv - qJix) + {p K l\ v - qJi K ) S^x) 

+ 2Z 2 {huhx^uK + hfthnduX + huhx^Kn + huh^x^) + 2 (hiilivhuhx + hnhxhuhv) 
(-h ■ hll + h ■ hq -h-h- hp • k))^ i s ^uX + S^uk) 

+ ((hfihx + hxh/j.) 5vk + (huhit + huh/*) $Xv + {hvhx + hxhv) S^k + (hvh K + hnhv) dx^) 
+ h ■ h (h^hx&vK + hfihuSisX + hvhxS^n + hvhn^x) 

+ -h ■ h {{pxhn - q^hx) S VK + (pxhu - q»hx) + {p K hn ~ q^h*) ?>x v + {p^hu ~ quhn) S^x) 



+ (hfj.hu + hvh/j.) hnhx + (hnhx + hxfan) h^hv 



{SflK^uX + fi/lxSlSK,) 



(A8) 



Finally 



T k%(P^) = / <f>(ll)<f>(q-p-h)(j3 a (k) (Sp-qh -q + Sp-qh -p + Ap-qlf + 8p ■ l± q ■ h - Ap ■ h q 2 + Ah ■ qp 2 ) 
J li 

p b (k) (2l\ (q 2 +p 2 + lj-2q-p-2q-h+2p- h) + M^l + V? + 2p 2 ? 2 ) 

p c (k) (~3p 2 Z 2 ~2p-hll+p- hq 2 ~ 3q 2 l 2 + 2q-hl\-q- hp 2 + 2p-ql\+q- hq 2 - p ■ hp 2 ) 

+12A ). (A9) 
For the graviton propagators, see [22]. The scalar propag ator is given by V^jp, q) = Z ( / ) (k)p 2 5 4 (p — q). 



Appendix B: Matter contribution to gravitational /3 background, where D 2 is the Laplacian acting on scalar 

functions fields, and the expansion of the heat-kernel trace is well- 
To obtain the matter contribution to the gravitational 
j3 functions, we evaluate the flow equation on a spherical 
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known: 

e -<-c") 



\Atts 



<rxy/g 1 



(Bl) 



The first two terms in the expansion suffice to project 
d t T k onto p g and P\. 

To use this, we rewrite c^r^, using inverse Laplace 
transformations for shape functions as obtained in |58j . 
where the subscript <f> implies that we only consider 
scalar fluctuation fields, as follows 



where we explicitly used r(y) — (e y — 1) . 

In the next step, we use the heat-kernel expansion 
eq. (Bl I to obtain the matter contributions to the P func- 



tions 



dt 9 1 matter 
d t \\ matter 



16tt 5 2 
C(3) 



7T 

47T ' 



12(4tt) 2??0+ 16-36 



167r g A 



1 



12 ■ 16tt 2 



i)4> 



1 



16-367 
(B3) 



QY kl p — Tr *° Appendix C: Scale-derivative of the regulator 




1 r'(y)(—2y) After projecting the right-hand side of the Wetterich 

^ r 1 4- r(n) equation on the appropriate power of external momenta, 

it contains up to the fourth derivative of the regulator 
shape function r(y). Extending [35], we observe that for 
a function / depending on the regulator shape function 
7"j (here i is an index that labels the different fields) and 
its derivatives the following holds: 



$/(r< > r i (1 \...,r i (4) )(p) 

= /, -1) (/ (1 '°'°' ' 0) (n> r{ 4) )0>)^ W + ... + f^^Hn, rf)fr)M|<w) 

= Z^ ^^...^ (CI) 



wherein y = - ,, 2 1 is the argument of the regulator shape function. Herein A^ = for the scalar matter shape function. 



Rewriting dy — ^iPpgjf- allows to deduce the form of d. 



n d t R)i(p) 



V Z t (p 2 

r~ 



straightforwardly. 



Appendix D: /3 functions for unspecified shape 
function 



Here we present the P functions for the dimensionfull 
(unrenormalised) quantities for a regulator of the form 



,(2) 



0=0 



J"(t2 )• All numerical results in the main text are 



obtained using an exponential shape function. 
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1 f d*p r/10 _ 10_ 5_\~ 1 575 v25 „ 2 



2 1728 



z 2 Aq 



'TT 



40( P 2 ) 2 p 2 a - 80(p 2 ) 2 p a p b + 16(p 2 ) 2 p 2 + 48A p c - f(p 2 ) 2 p a p c + 32(p 2 ) 2 p b p c + 2{p 2 ) 2 p 2 )j ~d t Q 2 
+ (iSOp^Pa - 192p 2 \^p b + ^-{p 2 f-p a p b - 80( P 2 fp 2 - U4\^p 2 p c - 40(f> 2 )Wc) 

+ (-288A 2 + 160(p 2 ) 2 A^ a - 384A (p 2 ) 2 p b - 48(p 2 )%p c + ^ ( P 2 ) 4 p a p b - 72(p 2 ) 4 p 2 - 8(p 2 )Wc) ft^ (2) ^ 

+ (-288 P 2 a 2 - mo(p 2 rx,- Pb - y (p 2 ) 8 ^) a t ^( 3 )^ + (-48A 2 ( P 2 ) 2 - i6A,( P 2 )% - ^ 2 )Vl) d t ^ 4 >s 3 

+ ^576A 2 -32O(p 2 ) 2 A p a +768~\ 4> (p 2 ) 2 p b -^(p 2 ) 4 p a p b +lU(p 2 ) 4 p 2 +96\ 4> (p 2 ) 2 p c +I6(p 2 ) 4 p b p)j d t (U^) 2 g 4 
+ (288A 2 (p 2 ) 2 + 96A (p 2 ) 4 p b + S(p 2 ) e p 2 ) d t (u^) 2 Q% + (l728A 2 P 2 + 96O(p 2 ) 3 A p fc + 112(p 2 ) 5 p 2 ) d^Tl^ 
+ (s84X 2 (p 2 ) 2 + 128A,(p 2 ) 4 p b + f (p 2 ) 6 pl) 9 t ^ (1) ^ (3) ^ 
+ (-1728A 2 p 2 - 96OA (p 2 ) 3 ^ - H2(p 2 ) 5 p 2 ) d t (n^f Q% 
+ (-1728A> 2 ) 2 - 576A,(p 2 )% 48( P 2 )V1) ft 
+ (1152A 2 ( P 2 ) 2 + 384A (p 2 ) 4 p fc + 32(p 2 ) 6 p 2 ) d t (ft* 1 ))' " gf 



\z$ {^- Pb p 2 - ^p cP 2 j d t g TT g u - \z<p (-^p c p 4 j ~d t g hh n^g 2 

1 , o.o 1 



4 Z * 



+ 

1 1 



^Pa( P 2 ) 2 + gp 6 ( P 2 ) 2 - ^p c ( P 2 ) 2 ) ~d t g hh g 2 u + (-\p b (p 2 )^ d t g hh g^n^ 

lx,(p 2 ) 2 + IhiP 2 ) 4 ) MhhGU + \ Z l ( 20 ^ + 1 }~P^ 2 ) WrrtiU 



(Dl) 
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Pb 



1 r d 4 P 

2 J 
1 

2 



10 - 1 85 2 - 2 



(24OA p h + 216(p 2 ) 2 / 5 2 - 72(p 2 ) 2 / 5 b p c + 10p 2 (p 2 ) 2 ) ~d t G\ 
+ (-768A p b p 2 - 240p 2 (p 2 ) 3 + 144A p cP 2 + 40p b( o c (p 2 ) 3 ) d t TZ^Gl 
+ (-288A 2 - 576(p 2 ) 2 A 0( o b - 104p 2 (p 2 ) 4 + 48A p c (p 2 ) 2 + 8p b p c ( P 2 ) 4 ) d t TZ^Gl 

+ f-288A 2 P 2 - 16OA 0/ 5 b ( P 2 ) 3 - f p 2 b 2 ) 5 ) ^ (3) S| + (-48A 2 ( P 2 ) 2 - 16A p b ( P 2 ) 4 - ^ 2 (p 2 ) 6 ) d^G} 



+ (576A 2 + 1152A p b (p 2 ) 2 + 208p 2 (p 2 ) 4 - 96A 0/ 5 c (p 2 ) 2 - 16p b p c (p 2 ) 4 ) $ £ 4 

+ (288A> 2 ) 2 + 96\,p b ( P y + 8p 2 { P 2 f) d t Gj 
+ (1728A 2 P 2 + 96OA 0/ 5 b (p 2 ) 3 + 112p 2 (p 2 ) 5 ) ~d t n^Tl^G% 
'384A 2 (p 2 ) 2 + 128A,p b (p 2 ) 4 + |p 2 (p 2 ) 6 ) WVkWQ% 

+ (-1728A 2 p 2 - 96OA p h (p 2 ) 3 - 112p 2 (p 2 ) 5 ) d t Q% 
+ (-1728A 2 (p 2 ) 2 - 576A p fc (p 2 ) 4 - 48p 2 (p 2 ) 6 ) d t (k^)' 
+ (1152A 2 (p 2 ) 2 + 384A,p b ( P 2 ) 4 + 32p 2 (p 2 ) 6 ) B t (k^)* G\ 



i 



+ ( -^4p 2 ) 2 ) dtGhhR^Glt + (+6A 0P 2 + lp 6 J a t G hh (^ (1) ) 2 ^ + (3 W) 2 ) hg^n^g^ 



i 



,-A0 + xP h (p 2 ) 2 jdtGhhQU 



~^P 2 -%p b (P 2 ) 3 )dtG hh Gl,n^ 



9t 



Zi 15A 



5 



Pb(p 2 ) 2 ) dtGrrG 2 ^ • 



27 — 



9 

16 



P b (p 2 ) 4 ) d t G hh GU 



(D2) 
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1 f d A p 



2 J (2tt) 4 
1 



/'■'•■ il>< ) <>iGtt - \ % I Z I^TT 



(l92A^p 6 - UAp a p b {p 2 ) 2 + 160^(p 2 ) 2 + 144A p c + 40p a p c (p 2 ) 2 + AOp b p c (p 2 ) 2 - 4p 2 (p 2 ) 2 ) ftS 2 . 

+ (288A p aP 2 - 96OA p bP 2 + 80p o p fe (p 2 ) 3 - 320 / 5 2 (p 2 ) 3 ) ftT^ 1 ^ 

+ (-176p 2 (p 2 ) 4 + 16p Q p b (p 2 ) 4 - 96OA 0/ 5 b (p 2 ) 2 - 576A 2 + 96A p a (p 2 ) 2 ) ~d t n^g\ 



112 



p 2 {p 2 f)d t n^Ql 



+ ( -576A> 2 - 32OA p fc (p 2 ) 3 

-^- 2 ( P 2 ) 6 - 96A 2 (p 2 ) 2 - 32A,p b ( P 2 ) 4 ) d t 1Z^Gl 
+ (1152A 2 - 192A p Q (p 2 ) 2 + 192OA p b (p 2 ) 2 - 32p a p b (p 2 ) 4 + 352p 2 (p 2 ) 4 ) d t (lZ^) 2 Q\ 
+ (576A 2 (p 2 ) 2 + 192A ^(p 2 ) 4 + 16p 2 (p 2 ) 6 ) d t (n^Y Q\ 



(224p 2 (p 2 ) 5 + 192OA 0/ 5 b (p 2 ) 3 + 3456A> 2 ) ~d t Tl^Tl^Q\ 



64 



+ ( +yPl(/) 6 + 256A p fc (p 2 ) 4 + 768A> 2 ) 2 ) d t K^K^ 



+ 



+ 



(-3456A 2 p 2 - 224p 2 (p 2 ) 5 - 192OA p b (p 2 ) 3 ) d t Q% 
(-96p 2 (p 2 f 3456A> 2 ) 2 - 1152A,p b ( P 2 ) 4 ) d t (t^>) 
(2304A 2 (p 2 ) 2 + 768A p fc (p 2 ) 4 + 64p 2 ( P 2 ) 6 ) d t (^>) 4 Q\ 



2 V 



t>hi>- - ^pcp 2 ) d t g hh g u + f -6A - ^(p 2 ) 2 + 4oPc(p 2 ) 2 ) d t g hh n^g 2 H 



i 

32' 



+ (-6AV - ^(p 2 ) 3 ] dtGhhKMgl,, - \4,(p 2 ) 2 d t g hh K^g 2 ^ + (m^ 2 + ^(p 2 ) 3 J (rc* 1 )) 2 ^ 
(6A ( P 2 ) 2 ) dtgHHnWnVgh + (-6A> 2 ) 2 ) ^ (^«) 3 ^ 



+ 
+ \zl 
+ 



\p b (p 2 ? + y & pc(p 2 ) 2 ) d t g hh g 2 , + (- 2 ~l \,p 2 fp b ( P 2 ) 3 ) d t g hh gl,nw 



Up 2 ) 2 ~ l^(p 2 n d t g hh g 3 ^ + W) 2 + ^(p 2 ) 4 ) d t g hh g% (n^) 



-z 2 (6o\^ + iop b (p 2 ) 2 )d t g TT g, 



(D3) 



2 / ^ TT + l~ X ^ Ghh 2 ^ 144 ^ + 48 ^~^ 2 ) 2 + 4 ^^ 2 ) 4 ) ^] • ( D4 ) 



Herein, Q xx = (2) 1 and 7^^ n ^ = 

^P^r (nr'(y) + r"(y)y) for n > 1 and ftW = 
1 + r(y) + r'{y)y. Herein r(y) is the regulator shape 

2 

function with y = |j. This structure arises, since all 
diagrams where the external derivative with respect to 



the momentum hits the propagator, can be organised in 
a way that only derivatives of the scalar propagator, and 
not the graviton propagator, need to be taken. 
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Appendix E: Scalar anomalous dimension function: 

Here we give our result for the anomalous dimension 
?70 for a spectrally adjusted cutoff with exponential shape 



„. = 4e 4A / 3 - 

96tt 3 A (e 4A /3Ei (f) - (e 4A / 3 + l) Ei (f ) + Ei(4A)) + 127r 5 e 4A - 9e 8 V 3 (47r(.g + 24tt) + 9(4p 6 - 2p c + 3p„)) 

(8irg (ei (^j (9 t A(3 - 12A) + X(3 m - 32A + 6)) + 3Ei(4A)(9 4 A(4A - 1) + X(- m + 8A - 2)) + 8A 2 Ei (y)) 
+4e 4A / 3 (^ng (e[ (*^J - Ei (*^J ^ (d t X(8X - 3) + A(-3r ?JV + 16A - 6)) - 3(tt 5 (4A + 3) + 9(4 Pfc - 2 Pc + 3p a ))^j 

-37r 5 e 8A/3 (4<9 t A - 3r/ N + 6) - 37r OTA re 4A ) (El) 
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